Abstract-Let a be an l-sequence generated by a feedback-with-carry shift register with connection integer p , where p is an odd prime and e 1.
I. INTRODUCTION
Let p be an odd prime and e 1 such that 2 is a primitive root modulo q = p e . The class of binary sequences known as l-sequences can be described in several ways [7] , [8] . An l-sequence is the output sequence from a feedback-with-carry shift register (FCSR) with connection integer q whose period reaches the maximum value '(q), where ' is Euler's phi function. It is the 2-adic expansion of a rational number r=q, where gcd(r; q) = 1. It is also the sequence a(t) = (A12 0t ( mod q))(mod2), where gcd(A; q) = 1. These sequences are known to have good statistical properties similar to those of m-sequences [7] , [8] , [9] . They also have the property that the arithmetic correlations between any two cyclically distinct decimations are precisely 0 [3] .
If a = (a(t)) t0 is a binary periodic sequence with period T , let a (d) = (a(dt)) t0 denote its d-fold decimation and x a = (a(t + )) t0 denote the -shifted sequence. If a; b are binary periodic sequences with the same period T , we say they are cyclically distinct if x a 6 = b, for every shift with 0 < < T.
Associate to a the formal power series be the difference of the two 2-adic numbers. The sequence of bits c = (c(t)) t0 is eventually periodic (with period T ), and the arithmetic crosscorrelation C a;b ( ) is defined to be the number of zeros minus the number of ones in a complete period of length T of 0 . The pair of sequences a; b is said to have ideal arithmetic cross-correlation if C a;b ( ) = 0 for every [3] .
On the basis of extensive experimental evidence, Goresky and Klapper made the following conjecture. Then the sequence u = (u(t)) t0 is a primitive sequence of order 1 over =(p e ) generated by x 0 , and u(mod2) is an l-sequence or its decimation. Note that if u 2 G(f(x); p e ), then x u 2 G(f(x); p e ).
With these notations, Conjecture 1 can be restated as follows. If this conjecture is proved, then it will provide large families of cyclically distinct sequences with ideal arithmetic correlations. When e = 1 , some results on the conjecture have been obtained. Let a be an l-sequence with connection integer p, and b its decimation. It's shown in [5] that when p 1(mod4), the (p + 1)=2-fold decimation of b is cyclically distinct with b. Furthermore, it's shown in [4] that Conjecture 1 was verified by experiments for all primes p < 2000000, and asymptotically for large prime p, the collection of counterexamples to this conjecture is a vanishingly small fraction of the set of all decimations. It was also shown that if p = 2r + 1 and r = 2s + 1 with p; r, and s prime, then Conjecture 1 holds for p.
In this article, we show that Conjecture 1 also holds when e 2.
The rest of this article is organized as follows. First, some important properties of primitive sequences over integer residue ring are given in Section II. Next, using the property of primitive sequences, the main result on the distinctness of decimations of l-sequences is shown in Section III. Finally, a short conclusion is given in Section IV. Proofs of some lemmas used in Section III are given in Appendix.
Throughout the article, for any positive integers a and n, the sign "a(mod n)" refers to the nonnegative minimal residue of a modulo n, that is, reducing the number a modulo n to obtain a number between 0 and n 0 1. The notation "x a(modn)" is the usual congruent equation, and the notation "x = a(modn)" means that x is equal to 0018-9448/$20.00 © 2006 IEEE the nonnegative minimal residue of a(modn). We also make the convention that whenever a d-fold decimation of a periodic sequence a is referred, d is relatively prime to the period of a.
II. PRELIMILARIES
Let f(x) be a primitive polynomial over =(p e ) with period per(f (x); p e ) = p e01 (p n 0 1), then from [6] 
such that
holds for all i = 1; 2; . . . ; e 0 1, where T 0 = p n 0 1, the notation " ( mod f(x); p i+1 )" means this congruence equation holds when modulo f(x) and p i+1 simultaneously. In other words, we can say
holds over =(p i+1 ) for all i = 1; 2; . . . ; e 0 1.
Proposition 2: [11] Let f(x) be a primitive polynomial of degree n over =(p e ) with p an odd prime and e 2. Let u 2 G 0 (f (x); p e ), and
holds for all t 0, and j = 0; 1; . . . ; p 0 1, where T 0 = p n 0 1. Furthermore, if (t) 6 = 0 for some t 0, then fue01(t + j 1 p e02 T0)jj = 0; 1; . . . ; p 0 1g = f0; 1; . . . ; p 0 1g:
Remark 2: Since u 0 is an m-sequence over =(p) generated by f(x)(modp) and deg(h f (x)) < deg(f (x)), then is also an m-sequence over =(p) generated by f(x)(modp).
III. DISTINCTNESS OF DECIMATIONS
In this section, we will show that when e 2 and p e 6 = 9, Conjecture 2 also holds. That is, we have the following theorem.
Theorem 1:
Let p e 6 = 9 with p an odd prime and e 2 such that 2 is a primitive root modulo p e . Suppose and are two different primitive roots modulo p e , and set f(x) = x 0 , g(x) = x 0 . Then for any u 2 G 0 (f (x); p e ), v 2 G 0 (g(x); p e ), we have u 6 v(mod2):
Before showing the proof of this theorem, we first give some necessary lemmas. Lemma 1 is a result in [12] , and Lemma 2 is a generalized form of one result in [12] . As [12] has not yet been published, their proofs are given in Appendix. 6 = ((j + 2)(modp))(mod2): In the following, let p e 6 = 9 with p an odd prime and e 2 such that 2 is a primitive root modulo p e . Suppose and are two different primitive roots modulo p e , and set f(x) = x 0 , g(x) = x 0 . Let u 2 G 0 (f (x); p e ), v 2 G 0 (g(x); p e ) be any two primitive sequences over =(p e ), then per(u) = per(v) = p e01 T 0 , where T 0 = p01. Denote = h f u 0 (modp) and = h g v 0 (modp), where h f and h g are defined as (1) . Since both and are m -sequences of order 1 generated by f(x)(modp) and g(x)(modp) respectively, then per() = per() = p 0 1, and (t) 6 = 0; (t) 6 = 0 for all t 0.
Similar to the proof in [12] , we can show the following two lemmas. Their proofs are also given in Appendix.
Lemma 3: Let u; v be defined as above. If there exists an integer t, t 0, such that u e01 (t) 6 v e01 (t)(mod2), then u 6 v(mod2).
Lemma 4: Let u; v; ; be defined as above. Suppose u e01 v e01 (mod2), then for any fixed t; t 0, we have the following:
Particularly, if u e01 v e01 (mod2) and = , then u e01 = v e01 . If u e01 v e01 (mod2) and (p 0 1) 1 (modp), then u e01 + v e01 (p 0 1) 1 1(modp), where 1 = (1; 1; . . . ; 1).
Lemma 5: Let f(x); g(x) be defined as above. If p = 3 and e 3, there exist no sequences u 2 G 0 (f (x); p e ), v 2 G 0 (g(x); p e ), such that u 0 = v 0 and u 2 + v 2 (p 0 1) 1 1(modp). If p > 3, there exist no sequences u 2 G 0 (f (x); p e ), v 2 G 0 (g(x); p e ), such that u 0 = v 0 and u 1 + v 1 (p 0 1) 1 1(modp).
Proof: We first show the case for p = 3. If e = 3, we can list all primitive sequences of order 1 over = (3 3 ) . By careful checking we can find out that whenever f(x) g(x)(mod3 3 ) or not, there do not exist primitive sequences u 2 G 0 (f (x); 3 3 ); v 2 G 0 (g(x); 3 3 ) over = (3 3 ) such that u 0 = v 0 and u 2 + v 2 (p 0 1) 1 1(modp). On the other hand, let u 0 2 G 0 (f (x); 3 e ); v 0 2 G 0 (g(x); 3 e ) be any primitive sequences over =(3 e ) with e > 3, then u 0 ( mod 3 3 ) and v 0 ( mod 3 3 ) are primitive sequences over = (3 3 ) , generated by f(x)( mod 3 3 ) and g(x)(mod3 3 ), respectively. Thus when e > 3, if there exist sequences u 2 G 0 (f (x); 3 e ), v 2 G 0 (g(x); 3 e ) such that u 0 = v 0 and u 2 + v 2 (p 0 1) 1 1(modp), then u(mod3 3 ) 2 G 0 (f (x); 3 3 ) and v(mod3 3 ) 2 G 0 (g(x); 3 3 ) are primitive sequences over =(3 3 ) satisfying u 0 = v 0 and u 2 + v 2 (p 01)1 1( mod p), which contradicts with the above discussion.
Next we show the case for p > 3.
Suppose there exist sequences u 2 G 0 (f (x); p e ), v 2 G 0 (g(x); p e ), such that u 0 = v 0 and u 1 + v 1 (p 0 1) 1 1(modp). We can derive contradictions as follows.
Since u 0 and v 0 are m-sequences over =(p) generated by f(x)(modp) and g(x)(modp), respectively, then by u 0 = v 0 , we have f(x) g(x)(modp), that is, x 0 x 0 (modp). Thus (modp), so we can set (modp 2 ) = + k1p (modp 2 ) = + k2p
where 2 ( =(p)) 3 is a primitive root modulo p, and k1; k2 2 =(p). If 2 p, then u 1 (t 2 + 1) = (1 + w 2 + 2k 1 )(modp), and v 1 (t 2 + 1) = (1 + (p 0 1 0 w 2 ) + 2k 2 )(modp). Thus by u 1 (t 2 + 1) + v 1 (t 2 + 1) p 0 1(modp) we have (1 + w 2 + 2k 1 ) + (1 + (p 0 1 0 w 2 ) + 2k 2 ) p 0 1(modp), so we get 2(k 1 + k 2 ) 0 3( mod p). Combining with (4), we have p 0 1( mod p), then 2 1(modp), which also contradicts the condition that is a primitive root modulo p, thus the lemma holds.
Lemma 6: Let f(x), g(x) be defined as above.
1) If p = 5, then there exist no sequences u 2 G 0 (f (x); p e ), v 2 G 0 (g(x) ; p e ), such that u 0 v 0 (mod2) and for any integer t, t 0, either u 1 (t) = v 1 (t) or u 1 (t) + v 1 (t) p 0 1(modp). 2) If p 6 = 5 and 6 (modp), then there exist no sequences u 2 G 0 (f (x) ; p e ), v 2 G 0 (g(x) ; p e ), such that u 0 v 0 (mod2) and for any integer t, t 0, either (t) = (t) or (t) (p 0 1)(t)(modp) holds, where = ((t)) t0 = h f u 0 (modp), = ((t)) t0 = hgv 0 (modp), h f and hg are defined as (1) . Proof: We first show the case for p = 5. The proof is similar to the case when p = 3 in Lemma 5.
If e = 2, we can list all primitive sequences of order 1 over =(5 2 ).
By careful checking we can find out that whenever f(x) g(x)( mod 2 ) over =( 5 2 ) such that u 0 v 0 (mod2) and for any integer t, t 0, either u1(t) = v1(t) or u1(t) + v1(t) p 0 1(modp).
On the other hand, let u 0 2 G 0 (f (x) satisfying u 0 v 0 (mod 2) and for any integer t, t 0, either u 1 (t) = v 1 (t) or u 1 (t) + v 1 (t) p 0 1(modp), which contradicts with the above discussion.
Next we show the case for p 6 = 5 and 6 (modp).
Suppose there exist sequences u 2 G 0 (f (x); p e ), v 2 G 0 (g(x); p e ),
such that the condition of this lemma holds. Then we will derive contradictions as follows.
For convenience, set 0 = (mod p) and 0 = (mod p), then from 6 (modp) we have 0 6 = 0 , which are two different primitive roots modulo p, thus
01(modp).
Since ; are m-sequences of degree 1 generated by f(x)(mod p) = x 0 0 and g(x)(modp) = x 0 0 respectively, then for any fixed integer t; t 0, (t + 1) = ((t) 1 0 )( modp), (t + 1) = ((t) 1 0 )( mod p). (modp). Thus v 0 is a a shift sequence of the (p + 1)=2-fold decimation of u 0 . On the other hand, u 0 ( mod 2) can be seen as the decimation of an l-sequence a with connection integer p, and from Theorem 2.6 in [4] we know that for any decimation sequence c of a, when p > 13, the (p + 1)=2-decimation of c is cyclically distinct from c, thus u 0 (mod2) 6 = v 0 (mod2), that is, u 0 6 v 0 (mod2), which contradicts with the condition that u 0 v 0 ( mod2). In fact, when p = 13, the (p + 1)=2-fold decimation of c is also cyclically distinct from c, and similarly we can derive a contradiction.
Therefore, there exist no such sequences u; v, and the lemma holds. Lemma 7: Let u; v be defined as above. Denote = h f u 0 ( mod p) and = h g v 0 ( mod p), where h f and h g are defined as (1) . If u e01 v e01 (mod2), and for any integer t; t 0, either (t) = (t) or (t) (p 0 1)(t)(modp), then u 6 v(mod2). With all these prelimilaries, we can give the proof of Theorem 1 as follows.
Proof: [Proof of Theorem 1] If there exists some integer t0; t0 0, such that ue01(t0) 6 ve01(t0)(mod2), then by Lemma 3 the result holds. Denote = h f u 0 (modp) and = hgv 0 (modp), where h f and hg are defined as (1).
If u e01 v e01 ( mod 2), we can claim that for any integer t, t 0, either (t) = (t) or (t) (p 0 1)(t)(modp) holds.
For otherwise we have u e01 v e01 (mod 2), and there exists some integer t0; t0 0, such that (t0) 6 = (t0) and (t0) 6 (p 0 1)(t0)(modp). Since both and are m-sequences of order 1 generated by f(x)(modp) and g(x)(modp) respectively, then (t0) 6 = 0; (t0) 6 = 0. Let = (t0) and = (t0) for simplicity, and set = 01 (modp), i.e., (modp), then from (t0) 6 = (t0) and (t0) 6 (p 0 1)(t0)(modp) we have 2 p 0 2.
On the other hand, from Proposition 2 and (3) we know that u e01 (t 0 + j 1 p e02 T 0 ) u e01 (t 0 ) + j 1 (t 0 )(modp) and ve01(t0 + j 1 p e02 T0) ve01(t0) + j 1 (t0)(modp)
hold for all j = 0; 1; . . . ; p01, where T0 = p01. Let 1 = ue01(t0), 2 = ve01(t0), then 1 2(mod2). From Lemma 2 we know that there exists a positive integer j0; 1 j0 p 0 1, such that
That is,
This contradicts the condition that u e01 v e01 (mod2).
Thus if u e01 v e01 (mod2), then for any integer t, t 0, either (t) = (t) or (t) (p 0 1)(t)(modp) holds. Therefore, by Lemma 7 we have u 6 v(mod2).
IV. CONCLUSION
In [3] , Goresky and Klapper conjectured that when p e = 2 f5; 9; 11; 13g, all decimations of l-sequences with connection integer p e are cyclically distinct. In [4] and [5] , they showed that when e 1 and p > 13, almost all decimations of l-sequences with prime connection integer p are cyclically distinct. In this article, we further show that when e 2 and p e 6 = 9, all decimations of l-sequences with connection integer p e are also cyclically distinct, which completes the proof of their conjecture.
APPENDIX A
In this section, we give the proof of some lemmas used in Section III. The first lemma is a result cited from [12] , and the other three lemmas can be proved using similar method as in [12] . Here we include their proofs for completeness.
Proof: [Proof of Lemma 1] The necessary condition is obvious.
We need only to show if u v(mod2), then u = v.
Since u and v are m-sequences with period T = p n 0 1 generated by the same polynomial f(x), then either v 1 u(modp) for some integer 2 ( =(p)) 3 , or v x u (p ) (modp) for some integers , i, with 0 < T, 0 i < n, where n = deg(f (x)) and T = p n 0 1. Next we will show the result holds according to v 1 u(modp) or v x u (p ) (modp), respectively. 1) v 1 u(modp) for some 2 ( =(p)) 3 .
Since u is an m-sequence, then for any fixed integer k 0 2 ( =(p)) 3 , there exists an integer t 0 such that u(t 0 ) = k.
If is even, let t 0 be an integer such that u(t 0 ) = 1, then v(t 0 ) = is even, which is in contradiction with u v(mod2).
If is odd and 6 = 1, let k be the least positive integer such that (k 0 1) < p < k, and let t 1 be an integer such that u(t1) = k. Then v(t1) = (k(modp)) = k 0 p. Since (k 0 p)(mod2) 6 = k(mod2), then u(t 1 ) 6 v(t 1 )(mod2), which is also in contradiction with u v(mod2). Thus = 1 and u = v 2) v x u (p ) (modp) for some integers , i, with 0 < T, 0 i < n.
Since u is an m-sequence, then there exists an integer t 2 such that u(t2) =1, and u(p i 1 t2 + ) =2. That is, u(t2) =1 and v(t2) = 2. So we have u(t 2 ) 6 v(t 2 )(mod2), which is also in contradiction with u v(mod2). Thus u = v.
Proof Thus from (modp) we have f(j 1 (modp); (j 1 (modp)) j j = 0; 1; . . . ; p 0 1g =f(j 1 (modp); j 1 1(modp)) j j = 0; 1; . . . ; p 0 1g and f((j 1 + 1 )(modp); (j 1 + 2 )(modp)) j j = 0; 1; . . . ; p 0 1g =f((j 1 + 1 )(modp); (j + 2 )(modp)) j j = 0; 1; . . . ; p 0 1g:
That is, we need only to show if 2 p 0 2, then there exists a positive integer j, 1 j p 0 1, such that (j 1 + 1 )(modp))(mod2) 6 = ((j + 2 )(modp))(mod2):
Let k1 be the least positive\ integer such that (k1 0 1) + 1 < p k 1 + 1 < 2p and k 2 be the least positive integer such that (k 2 0 1) + 1 < 2p k 2 + 1 < 3p. It's clear that k 1 < k 2 .
1) is odd.
If k 1 < p 0 2 , then (k 1 1 + 1 )(modp) = k 1 1 + 1 0 p, and (k 1 + 2 )(modp) = k 1 + 2 . Since is odd, and 1 2(mod2), then k1 1 + 1 0 p 6 k1 + 2(mod2). Set j = k1, then (1) holds.
If k 1 = p 0 2 , then k 2 + 2 > p, (k 2 1 + 1 )(modp) = k2 1 + 1 0 2p, and (k2 + 2)(modp) = k2 + 2 0 p. Since k 2 1 + 1 0 2p 6 k 2 + 2 0 p(mod2), set j = k 2 , then (5) holds.
If k1 > p 0 2, set j = p 0 2, then j < k1 and (j 1 + 1) < p. Thus (j 1 + 1 )(modp) = ((p 0 2 ) 1 + 1 )(modp) = (p 0 2) 1 + 1 is odd, but (j + 2)(modp) = 0 is even, so (5) holds.
2) is even.
In this case, 2 p 0 3. We can claim that there exists a positive integer k; 1 k p 0 3, such that (k + 1 )(modp) < p 0 :
For otherwise we have 1 + 1)(modp) + ) . Since is even, we have ((k3 + 1) 1 + 1 )(modp)(mod2) = (k 3 1 + 1 )(modp)(mod2), and ((k4 + 1) 1 + 1)(modp)(mod2) = (k4 1 + 1)(mod p)(mod2). On the other hand, whenever j increases by 1, the parity of (j + 2 )(modp) changes except when j + 2 = p 0 1. (2.1) 2 = p 0 1.
In this case, 1 is even.
If + 1 p, set j = 1, then (j 1 + 1 )(mod p) = + 1 0 p is odd, but (j + 2 )(modp) = 0 is even, thus (5) holds. If + 1 < p, from above we know that ((k3 + 1) 1 + 1 )( mod p)( mod 2) = (k 3 1 + 1 )( modp)( mod 2), but ((k 3 + 1) + 2 )( mod p)(mod2) 6 = (k 3 + 2 )( mod p)(mod2).
Set j = k3 or k3 + 1, then (5) holds.
(2.2) 2 < p 0 1. If + 1 < p, set j = 1, then ((j 1 + 1 )(modp))(mod2) = ( + 1)(mod2) 6 = (1 + 2)(mod2), thus (5) holds.
If + 1 p and k 3 + 2 6 = p 0 1, from above we know that ((k 3 + 1) 1 + 1 )(modp)(mod2) = (k 3 1 + 1 )(modp)(mod 2), and ((k3 + 1) + 2)(modp)(mod2) 6 = (k3 + 2)(modp)(mod 2). Set j = k 3 or k 3 + 1, then (5) holds.
If + 1 p and k3 + 2 = p 0 1, then k4 + 2 6 = p 0 1. Since ((k 4 + 1) 1 + 1 )(modp)(mod2) = (k 4 1 + 1 )(modp)(mod 2) and ((k 4 + 1) + 2 )(modp)(mod2) 6 = (k 4 + 2 )(modp)(mod 2), set j = k4 or k4 + 1, then (5) holds.
Remark 3: It's a generalization of Lemma 3 in [12] , where 1 = 0, 2 = . In fact, when (i) = 1; 1 = 2 or (ii) = p 01; 1 + 2 = p 0 1, the result does not hold.
Proof: [Proof of Lemma 3] Denote = h f u 0 (modp) and = h g v 0 (modp), where h f and h g are defined as (1). Since both and are m-sequences of order 1 generated by f(x)(modp) and g(x)(modp) respectively, then (t) 6 = 0,(t) 6 = 0 for all integers t 0, thus by Proposition 2 and (3) Proof: [Proof of Lemma 4 ] Denote = h f u 0 (modp) and = h g v 0 (modp), where h f and h g are defined as (1). Since both and are m-sequences of order 1 generated by f(x)(modp) and g(x)(modp), respectively, then (t) 6 = 0,(t) 6 = 0 for all integers t 0. Set T 0 = p 0 1. From Proposition 2 and (2) we know that u e01 (t + j 1 p e02 T 0 ) u e01 (t) + j 1 (t)(modp) (6) and v e01 (t + j 1 p e02 T 0 ) v e01 (t) + j 1 (t)(modp) (7) holds for all t 0, and j = 0; 1; . . . ; p 0 1.
1)
If for some fixed t 1 ; t 1 0, (t 1 ) = (t 1 ), combining with (6) and (7) Therefore 1 = 0, that is, u e01 (t 1 ) = v e01 (t 1 ).
2) If for some fixed t 2 ; t 2 0, (t 2 ) (p 0 1)(t 2 )(modp), combining with (6) and (7) This also contradicts the condition that u e01 v e01 (mod2). Therefore 2 = p 0 1, that is, ue01(t2) + ve01(t2) p 0 1(modp).
.
